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INDEPENDENT FAMILIES IN COMPLETE BOOLEAN ALGEBRAS
BY
B. BALCAR AND F. FRANEK

ABSTRACT. We present a proof (without any set-theoretical assumptions) that every
infinite complete Boolean algebra includes a free subalgebra of the same cardinality.
It follows that the set of all ultrafilters on an infinite complete Boolean algebra B has
power 2/81.

1. Problems and results. Let B be a Boolean algebra and St(B) its Stone space, i.e.
the set of all ultrafilters on B with the usual topology. If B is finite, then obviously
| St(B)|=log, | B| ,' see [Ma]. The classical result due to Hausdorff [H] and Pospisil
[P1] states that for a power set Boolean algebra B = P(k) for any infinite cardinal «,
| St(B)|= 22" = 2/8I. The key role in their proof is played by the notion of an
independent family of sets and the fact that there is such a family of subsets of k of
size 2°. The very natural problem of whether this can be generalized for all infinite
complete Boolean algebras was first formulated (as far as we know) by Efimov [E].
Partial positive solutions were known from works of Kesl'yakov [K], Koppelberg
[Ko], Monk [M] and Blaszczyk [Bla]. A short historical survey of this problem can be
found in [Bla]. Independent systems in complete Boolean algebras are studied in
Vladimirov’s book.

We shall present proofs (in ZFC only) of the following theorems.

THEOREM A. In every infinite complete Boolean algebra B there is an independent
family ¥ C B so that |5|=|B]| .

THEOREM B. If B is an infinite complete Boolean algebra homogeneous in sat, then B
is well semifree.

(For precise definitions see §3.)

Although many partial results concerning Theorem A have been achieved, e.g.
Monk proved Theorem A under a hypothesis slightly weaker than GCH, we are
offering a general approach covering all results obtained so far.

It is not surprising that notions and results about filters and ultrafilters on power
set algebras can be translated to ones on complete Boolean algebras. We shall give
one such example concerning good ultrafilters. Kunen’s proof, see [Kul, Ch,K], of
the existence of good ultrafilters on a power set algebra, can be pushed through in
this more general situation as well.
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At this point we would like to express our thanks to F. D. Tall and P. Simon for
stimulating discussions and other help in completing this paper.

2. Corollaries. Let us summarize some well-known consequences of Theorems A
and B with sketches of proofs. In what follows B and C denote infinite complete
Boolean algebras, X and Y denote infinite extremally disconnected compact spaces,
while w( X)) and w(Y') denote their weights.

COROLLARY 1. | St(B) |= 2%, or equivalently | X | = 2¥%).
PROOF. See Corollary 2.

COROLLARY 2. There are 2B ultrafilters on B which have character (i.e. the least
cardinality of a set of generators) equal to | B | .

Proor. Let {{X,(0), X,(1)}: « <|B|} be an independent family of partitions of
size 2 on B. For any f: | B|— 2 the system

= (X <IB U - A (780 4 € 181°)

is centered and thus generates a filter G, on B. Let f # g be maps from | B| to 2.

Then G, # G, and every ultrafilter extending G, is not generated by fewer than | B |

elements and is distinct from every ultrafilter extending G, (compare [Kul]).
Corollaries 1 and 2 solve problems raised by Efimov [E].

COROLLARY 3. Let | C|<|B| . Then there is a homomorphism f: B — C onto C, or
equivalently if w(X) = w(Y), then there is an embedding of Y into X.

PrROOF. Let G be a set of free generators of a free subalgebra F of B with
| G|=|B| . Then every surjection f: G — C can be extended to a surjective homo-
morphism g: F — C. By injectivity of C, there is a homomorphism from B onto C
extending g.

COROLLARY 4. There is a continuous surjective map f. X — 2"%,

PRrROOF. This is a topological version of the fact that the complete Boolean algebra
B, which by Stone duality corresponds to X, includes a free subalgebra of size | B| .
There is a continuous map from X = St(B) onto St(F) = 2/8l. But since B is
infinite, w( X) = w(St(B)) =| B| .

Corollary 4 solves problem 5 of Ponomarev and Shapiro [P, S].

COROLLARY 5. The space X includes a copy of itself as a nowhere dense subset (so X
is not homogeneous, see [F]).

PROOF. It is well known that there is a homeomorphism f from X into 2¥¥) and
onto a nowhere dense D C 2*®. By Corollary 4 there is a continuous surjection g:
X - 2¥®_ Let Y C X be such that A = g} Y is an irreducible map onto 2**). Then
Z = h"'(D) is nowhere dense in Y, and hence in X. Since X is extremally
disconnected and 4 is irreducible, Z is homeomorphic to X.

Corollary 5 solves problem 4 of [P, S].



COMPLETE BOOLEAN ALGEBRAS 609

COROLLARY 6. Let B be well semifree. Then there are 2'P! good ultrafilters on B.
PRrROOF. (Compare [Ch, K].)
SUBLEMMA 1. Let (G, %) be independent ( for G C B, ¥ C Part(B)) means that
(Vn < w)(VP,y,...,P,€F)(Vu, €PRy) --- (VYu, EP,)
(VYue G)uNugN -+ Nu, # 0g).

Let (G, %) be independent. Let G be closed under finite intersections (CUFI). Let
b € B — {0g}. Then there is a CUFI G* D G, | G* |< max(w, | G|) and there is an
G* C Y, |F— F*|< w so that (G*, F*) is independent and either b € G* or (-b) €
G*.

PROOF OF SUBLEMMA 1. Let G[X] be the closure under finite intersections of
G U {X}.

(a) Let (G[b], 9) be independent. Then G* = G[b], T* = F.

(b) Let (G[b],F) be not independent. Let u € G, P,,...,P, € 9, uy, € Py,...,u,
€ P, witness this fact. Then G* = G[-b] and F* = F — (P,,...,P,}.

SUBLEMMA 2. Let k < sat(B). Let G C B be CUFI. Let % C Part(B). Let P € &
and | P |= k. Let (G,%) be independent. Let U be the filter generated by G. Let f:
[k]=“ - U be monotonic. Then there is a multiplicative refinement g of f so that
(G*, F*) is independent where G* is the closure under finite intersections of G U rng(g)
and ¥* =% — (P}.

PROOF OF SUBLEMMA 2. Let P = {p,: a <«k}. Let [k]™° = {a,: a <«k}. Define
h,: [k]™° - Bby

h( )_ f(aa)/\Pa ingaai
a\3) = 0p otherwise.

Then A, is multiplicative. Define g: [k]=“ = B by g(s) = V .., h(s). Then g(s) <
f(s) for each s and g is multiplicative. It is easy to verify that (G*, 5*) is
independent.

PROOF OF COROLLARY 6. Since B is well semifree | B|~**®) =|B|. So let
B={b,;: a<v}. Let = {f: (3k<sat(B)) (f is a monotonic function with
domain [«]~“ and range C B)}. Let & = {f,: @ <7} so that each f is enumerated
cofinally many times.

By induction we shall get for each @ < » and each ¢: a > {-1,1} a filter U, on B
generated by a CUFI G,,, and a good family %, C Part(B) so that

()¢, C o= Uy, C U,

(2) ¢y, ¢, incompatible - U, U U,, is not centered,

(3) dom(¢) = a —| G, |< max(| a |, p) for some p < sat(B),

(4) dom(¢) < a - (G, ¥,) is independent,

(5)dom(¢) = a + 1 - b, € G, or (-b,) € G,, and

(6) if rng( f,) C U, & dom(¢) = a, then there is a multiplicative refinement g, of
Jo such that rng(g,) C U, for every y 2 o.
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Since B is well semifree, there is a good independent family % C Part(B) of size
|B]|.

Picka PEJ, |P|=w. Let P={p,: n < w}. Let G, = {V =y p,: k < w}. Let
U, be generated by G,. Let 5, = § — {P}.

Use Sublemmas 1 and 2 to get the induction step from a to a + 1.

Limit stage: Let 9, = M,_, %, for ¢: a— {-1,1} define G, = U,_
Uy = Ug o Uyp-

Now final claim: Let x: » > {-1,1}. Then D, = U __, U, , is a good ultrafilter on

B. Since x, # x, yields D, # D, , there are 2'3‘ 2" good ultrafilters on B.

@B’

3. Notation and basic definitions. For a Boolean algebra B and C C B, let
C* = C — {0p). lf u € B then B} u is the partial subalgebra of B with the universe
{x € B: x <uj.

(i) P C B is a partition on B (or a partition of 1) if it is a maximal disjoint
collection of nonzero elements. Part( B) denotes the set of all partitions on B.

(ii) 9 C Part(B) is an independent family of partitions if for any finite subset
{Pys...,P,} C Fand any selector f € [, P, /\ =, f(i) # 0.

(iii) C C B is an independent family if for any x € C, —-x & C and {{x,—x}:
x € C} is an independent family of partitions.

(iv) B is semifree if there is an independent family in B of size | B | (see [K]).

(v) ¥ C Part(B) is k-good (for a cardinal k <sat(B), k >2) if (Vy Ek —2)
({P €F:|P|=v}|=|F]). Fis said to be good if it is sat( B)-good.

(vi) B is well semifree if there is an independent good family of size | B| of
partitions on B.

(viiyD C B" isdensein Bif (Vb € B" )3d € D)(d <b).

(viii) Density of B, d(B) = min{| D | : D is dense in B}.

(ix) Saturatedness of B, sat(B) = min{x € card: (V P € Part(B)) (| P|< k)}.

(x) B is homogeneous in d if (Y u € B* )(d(B1 u) = d(B)). B is homogeneous in sat
if (Vu € B )(sat(B| u) = sat(B)).

(xi) An ultrafilter G on B is k-good (for k < sat(B)) if it is countably mcomplete
and for every cardinal A < k and every monotonic f: [A]™“ = {X CA: | X|[< 0} —

(i.e. s Ct — f(s) = f(1)) there is a multiplicative refinement g: [A]= — G of f (i e.
g(s) < f(s) for each s and g(s U t) = g(s) /\ g(2)). G is said to be good if it is
sat( B)-good.

REMARKS. Since in general d(Bpu)<d(B|v) and sat(B} u) < sat(B| v)
whenever u < v, there is a P € Part(B) such that all B} u’s are homogeneous in d
and sat, for all u € P. If B is complete and P € Part(B) then f: B - Il ,cpBtu
defined by f(x)(u) = x A u s a bijection and hence B =1I,., Bt u.

Recall a well-known result of Erdds and Tarski [E, T), that if B is an infinite
Boolean algebra, then either sat(B) = k™ for some infinite cardinal k, or sat(B) is a
weakly inaccessible uncountable cardinal.

There is another definition of a good ultrafilter on a Boolean algebra due to
Benda (see [Be]), which gives sufficient and necessary conditions for an ultrafilter so
that the corresponding Boolean ultrapower is saturated. Our definition is a formal
analogue of Keisler’s definition concerning power set algebras (see [Ch, K]). Our
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definition is apparently stronger than Benda’s for it implies that even the Boolean
valued model of set theory modulo a k-good ultrafilter is k-saturated. For power set
algebras it does not make any difference since any Boolean valued model of set
theory modulo an ultrafilter is isomorphic to the Boolean ultrapower.

4. Combinatorial facts. Here we state all facts needed to prove the main theorems.
They form five groups: 4.1 contains results enabling the whole business to start, i.e.
how to get initial independent families of partitions. 4.2 deals with methods which
allow one to enlarge a given independent family. 4.3 is devoted to methods for
making partitions in an independent family bigger. In 4.4 it will be shown how to get
an independent family in the whole algebra using independent families in partial
subalgebras. Finally in 4.5 we shall show that some special types of algebras are well
semifree.

In the entire §4, B stands for an infinite complete Boolean algebra.

4.1.

LEMMA 1 [V; M). Let § C Part(B). For PE€ ¥, let PY = (V' R: R C P}. Let
FY =N pegf(P): fENpeg P ). If for every u € UF the set {x <u: x €
(F V")) is not dense in Bt u, then there is a Q € Part(B), Q = {q(0), (1)} such
that for any v € U%, q(0) A v # 05 and q(1) N\ v # 0p.

PROOF. Let u € UG. Since {x <u: x € (F Y")"} is not dense in B} u there is
an x(u) € (Bt u)" such that for any z € (FY")", z < x(u). Define y(u) =
N peg(V{v € P: v Ax(u) # 0p}). Then x(u) <y(u) <u. Pick some TC UF
such that {y(u): u € T} is a maximal pairwise disjoint subsystem of {y(u):
u€ UYF). Let g(0) = V ,crx(u) and g(1) = 15 — g(0). Then Q = {¢(0), g(1)}. If
u € UY then by maximality of 7, there is a v € T such that y(u) N y(v) # 05. So
u N\ x(v) # 0p and thus u N\ g(0) # 0. For the same v, y(u) N (y(v) — x(v)) # Og,
otherwise x(v) = y(v) A y(u), which is an element of (¥ ¥ ")*, contradicting the
definition of x(v). Thus u A g(1) = u N —q(0) = u N (y(v) — x(v)) # 0.

LEMMA 2 [B, V). Let B be homogeneous in sat. Let v be a cardinal so that
v" < sat(B). Then for each family {u(a): a« < v} C B™ there is a disjoint refinement,
i.e. {v(a): @ < v} C B" such that if a < B < v then v(a) < u(a) and v(a) N\ v(B) =
0p.

ProoF. For a detailed proof see [B, V]. For the sake of completeness here is a
sketch of the proof: If P is a family of pairwise disjoint elements of B and x € B,
define P[x] = {u € P: u N\ x # 0p}. If we have a disjoint family P C B* such that
| P[u(a)]|= » for every a < », we can get a disjoint refinement by a straightforward
recursion. The family P we shall also construct by recursion. So suppose B < v,
U, g P(y) C B™ is a disjoint family and for every a < », | (U, g P(Y)u(a)]|= »
or = 0. In the first case set P(B) = @; otherwise pick a partition Q of u(8) such
that |Q|=»" and set P(B) = Q — U {Q[u(a)]: a > B & | Q[u(a)]|< »}. Then
| P(B)u(B))|=v* .

LEMMA 3. Let B be homogeneous in sat and let sat(B) = k be weakly inaccessible.
Then there is a good independent family of partitions on B that has size k.
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ProOF. By recursion we shall construct an independent family ¥ of size k such
that sup{| P|: P € ¥} = k. It is easy to get a good independent family from %. So
suppose J( is an independent family of partitions on B, | 3(|< k. Given r < k. Let T
be the closure of U JC under finite intersection and let 7+ = {u(a): @ < v} for some
v. Since k is weakly inaccessible and | ¥C|< k, »* < k. So by Lemma 2 there is a
disjoint refinement {v(a): a < v} of T* . By homogeneity of B in sat, every v(a) can
be split into 7 disjoint elements, say {v(a, B): B <7}. For 8> 0 define x(B8) =
V <, v(a, B),and x(0) = 15 — V o-p<.x(B). Then P = {x(B): B <7} € Part(B)
and JCU {P} is independent, | P|= 7. This procedure allows us to carry out the
whole recursion.

4.2.

DEFINITION. Let { X(i): i € I} be a system of sets. A set > C I, X(i) is called a
finitely distinguished family (FDF for short) if for any finite S, C & thereis an i, € I

so that | { f(i(): f € 80} |=| | -

LEMMA 4. If all X(i)’s are infinite, then there is an FDF S C I, X(i) of full size,
i.e. of power |1l,c, X(i)| .

PROOF. (a) Let I be finite. Then |II,o, X(i)|=| X(j)| for some j € I. So S can be
any family of functions distinct at the jth coordinate.

(b) Let I be infinite, |/ |= k. We shall proceed by induction over | |. Assume
that the assertion holds for all I of size < k. Let < be a well-ordering of I such that
i <j implies | X(i) |<| X(Jj)| . Let y be the order type of (I, < ). Without loss of
generality assume I = y and < =< . Itis obvious that k <y < k™.

Casel. Va<y)|y— al|= ).

Then there is an injection ¢: [y]™“ — y such that ¢(s)= max(s) for each
s € [y]™“, and there is an injection y: II,c, X(i) = X(¢(s)) since |II,c, X(i)|<
| X(¢(s))| . Define

) = {xps(h(s)) it o(s) = i
an arbitrary element of X(i) otherwise.

x is an injection from II,c,Il,c, X(i) into II,c, X(i), where A = [y]™* — (& }.

Define an injection n: II,c, X(i) = lI;e4II,c, X(i) by n(f)(s) = (f(i): i Es).

Then & = (x o 7)(Il,¢, X(i)) is an FDF of desired size.

Case I1. Case I does not hold.

So @a<y)|y— a|<k). Let a; be the least such a. Clearly a; =« and
| ey — a|= « for all @ < a,. By Case I there is an FDF &, C II,¢,, X(i) of full size
and by the induction assumption an FDF &, CII,., X(i) of full size (where
A =7y — a). Since either |II,c, X(i)|=|Il,c; X(i)| (so &, can be extended to an
FDF & C II,c,; X(i) of the same size), or |II,c, X(i)|=|1Il,c,; X(i)| (so &, can be
extended to an FDF & C II,¢,; X(i) of the same size), we are done.

LEMMA 5. Let %,,%, C Part(B), P € Part(B). Let ¥, be infinite and (VY Q € %,)
(|Q|=»), »=2. Let 5, U9, U {P)} be independent. Then there is a family ¥, C
Part(B) such that Y R € )| R |=»), |55 |=| %, |I" and G, U F] is independent.
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PROOF. By Lemma 4 there is an FDF & C 3 of full size, ie. |S|=|%,|”. Pick
fE S, u € P.Then f(u) €%, and hence | f(u) |= ». Let f(u) = {q(f, u, a): a < r}.
For all a < v define R( f, a) = V ,cp(q( f, u, @) N u).

(1) Fora < B <uv,

R(f, ) ANR(S,B) =V (q(f,u,0) Nu) AV (g(f,0,8) Av)

uEeP vEP
= V (g(f,u, @) Aglf,0,B) NuNv) =04
u,vEP

if u # v, then u A\ v = 0p, and if u = v, then g(f, u, ), q( f, v, B) are two distinct
elements of f(u), and hence disjoint.

(i)
VR(f,a)=V V (q(f, u,a) Nu)
a<v a<v ueP
=V V(g(fiua)Au)= Vu=1,
ueP a<v uepP

Thus R(f) = {R(f,a): a <w} is a partition on B of size ». Let %, = {R(f):
f€S}. Then ¥, C Part(B) and |F, |=| J2||P| To show that %, U %, is indepen-
dent, pick n,m <w. Pick P,,...,P, €%, R(fy),....R(f,) €%,. Pick v, €
Py,...,0, € P, R(fy, ay) € R(fy),... . R(f,, a,, )ER(f ). Since & is an FDF, there
is a u, € P such that f(u,) # f(u,) whenevert # j < m. Then

No,ANNR(foa) = No ANV (q(fi,u,a) Au)

i<n i<m i<n i<smu€P
= No, AN (q( S g, @) Nug)
iI<n ism
=N, A A q(fis ug, a;) N ug # 0p
i<n ism

since (for i <n) v, € P, € %, (for i <m) q(f, uy, ;) € f(uy) €%,, u, € P and
%, U %, U {P} is independent.
4.3.

LEMMA 6. Let F,,F, C Part(B). Let (VP € %,)(| P|= 2), |5,
be independent. Then there is an %, C Part(B) so that |5} |=
(| P|= w) and ¥, U %] is independent.

|= w, and let 5, U %,
|9, | and (VP € F))

PROOF. Let |F, |= » = w. Let 9, = {P(a): a <»}. Let P(a) = { p(a,0), p(a, 1)}.
There is a system of mutually disjoint sets {A4,: B < v} such that v = U,_, 4, and
| Ag|= w. Let By be the least subalgebra of B containing { p(a,0): a € Ag}. Clearly
sat(Bg) = w;. Pick some R, € Part(By) of size w. Pick some u; € R;. Define
R% = (Rz — {ug}) U (ug V =V Rp). Then R} € Part(B) and has power w. Finally
define ¥, = {R%: B <v}. Then |F;|=» and (VP € ¥))(| P|= w). So it remains to
show that %, U 9 is independent.

Pickanyn m<w, Quy,....,0, EF, ug € Qp,...,u, € Q,, Bos-- B, <7, vy E

By--+Om € R . For each i < m there is a fmlte set D, C {p(a, O) a €A} U
{p(a, 1) a € AB} such that v; = /A D, # Op, since { p(a,0): @ € A, } generate By
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Hence
/\u’./\ /\vi> /\ul./\ AN /\Di-/—-OB

i<n ism i<n i<m
for all D;’s are disjoint (as all 4,’s are disjoint) and elements of D,’s are elements of
partitions from %,, and %, U %, is independent.

Lemma 7. Let 5, %,, %, C Part(B). Let | %, |= w and (VP € F,)(| P|= 1), 7> w.
Let (VQ € 5,)(| Q|= w). Let 5, U %, U J, be independent. Then there is an %, C
Part(B) of size | %, | so that (VR € %,))(|R|= 1) and ¥, U F, is independent.

PROOF. Let %, = {Q(n): n < w} and Q(n) = {q(n,y): y <7}. Let 5, = {R(B):
B <wv} and R(B) = {r(B, n): n <w}. Define for every B <», y <, s(B,v) =

V ulq(n, ¥) A r(B, n)), and S(B) = {s(B,y): ¥ <7}.
(i) Since %, U %, is independent, s(B, y) # Og forall B <w»,y <.

(i) s(B, v;) N s(B, v,) = 0gif v, # v,. For
s(B,v) As(B.ovy) = V (g(n,y)) Ar(B.n)) AV (g(m,y,) A r(B, m))

= V (g(n,v) Ar(B,n) A g(m,v,) Nr(B, m)) =0,

since if n = m then q(n, v,) N\ q(m, v,) = 0p, and if n # m then r(B, n) A\ r(B, m)

=0,
(iif)
VS(B)= Vs(B.y) =V V (q(n,v) Ar(B,n))
=V (A8 ) AV g(nm)] = V(B 1) A L)
n<w Y<r n<w
= Vr(B.n) =1z

Thus %, = {S(B): B < v} is a family of partitions of size » =| %, | , each partition is
of size 7.

To show %, U % is independent, pick n, m < w, P,,...,P, € F|, vy, € P,,...,v,
E P, Bos---sBn <, Ygs---»Ym < 7. We must show that /\ ., 0, AN\ ,_, s(B;7)
# 0p.

No, AN s(Bv) = No,A ANV (q(ni’yi)/\r(ﬁi’ni))

i<n I<m i<n ismn<w
=N (A A (‘1(’71’ ) A r(Bi’ ’7:‘)) # Op
i<n i<=m
since 5, U %, U %, is independent (and 7,,. .. ,7,, are chosen pairwise distinct).

4.4.

LEMMA 8. Let P € Part(B). Let there be for every u € P an infinite k-good
independent family %, of partitions on Bt u, k > 2. Then there is a k-good independent
family § C Part(B) of size [l , p| 9, | -
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ProoF. Let §, = U,_. _, 9, foreveryu € P,and |5, |=|9,, |=7»,. LetF, =
(P, (@) « <y} and P, (a) = {p, (a B): B<y}. Pick an FDF & C Il ,cp», of
full size (by Lemma 4). Pick an f € 5. For B <y, 2 <y <k, define P(f, B) =
V uerpuy(f), B). Let P(f) = (P(f, B): B<7} and &, = {P(f): f € 5}. Fi-
nallylet 5= U,_ ., F,.

(i) If B, # B, then P.(f, B,) N\ P(f, B,) = Op. For
Py(f’ :BI) /\Py(f’ BZ) = \/ pu,y(f(u)s :Bl) A vV pv,y(f(v)’ Bz)

ueP vEP
= \/P(pu,‘y(f(u)’ﬁl) /\Pu,y(f(v)».Bz)) = 0p

since if u = v then p, (f(u), B)) N\ p, ,(f(v), B,) = Op as they are distinct elements
of P, (f(u)),if u # v thenp, (f(u), B)) <uandp, (f(v), B,) <vandu A v =0,
(ii) VP(f) = 1,. For

VP(f)=VP(f,B)=V VP (f(u),B)=V u=l,.
B<vy B<y ucP uep
Therefore ¥, is a family of partitions of size y on B, |9, |=|F|=|5]|. So ¥ is a
k-good family. We shall show that ¥ is independent.

Pick n, m < w. Pick vp,...,¥, <K, for-- - Sn €O, By <7Yo»---,B8, <Y, We shall
show that /\,_, N\, P,(f;, B;) # 0p. Pick u € P so that all f(u)’s are distinct
(possible since f € § and § is an FDF). Then

/\ /\ Py,(];’Bi) = /\ /\ pu,y,(-’;”ﬁi) #:OB

i<n j<m i<n jsm

since ¥, is independent.
4.5.

LEMMA 9 [E, K]. Let B be atomic. Then B is well semifree.

PROOF. Let sat(B) = k* = w,. Then B = P(k). Since every set of size k can be
split into « disjoint sets of size k, it is easy to get (by induction) a countable
independent family of partitions on B, each of size k. Denote this family %. Then
thereisa P € 5, %, C Fsothat ¥ = {P} U %,, | P|= k and | ¥, |= «. By Lemma 5
there is a family %, C Part(B) of size | %, |”'= w* = 2* =| B| such that (VR € ¥
(| R|= «) and ¥, is independent. Now it is easy to get a k-good independent family
from %.

LEMMA 10. Let B be homogeneous in sat and d. Let sat(B) = k be weakly
inaccessible. Then B is well semifree.

PROOF. Let d(B) = A. Then w < k < A. Notice that | B|= A~" = sup{A": y < k}.
For pick a dense subset D C B of size A. Since every element of B can be expressed
as a sum of fewer than k elements from D, |B|<A~" If 7 <k, there is a
P € Part(B) of size 7. Since B is complete, B = [[ . » Bt u. By homogeneity of B in
d, foreachu € P, | Bt u|=d(Bt u) = d(B) = A. Hence | B|= X'. Since this is true
forallT <k, |B|= A=K
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Now let pu be the least cardinal so that A=" = p=". Then if 7<p, 7" <A
(otherwise =" = (7=*)~* = A~*)and p = 2 or p > 2",

If p = 2, then by Lemma 3 there is a good independent family % C Part(B) of size
k = w. If p > 2" then a good independent family of size k given by Lemma 3 can
be extended by recursion to a good independent family & C Part(B) of size p.

Sketch of the recursion: Suppose we have JC = {P(a): « C 7}, an independent
family so that sup{| P(a)|: @ <7} = k and k <7 < p. Then | P(a)"|< 2=" since
| P(a)|< k. Thus | U,_, P(a)"|=» <p. Therefore |I""|=»r=*<A=d(B)=
d(Bt u) for every u € UJ(. So all assumptions of Lemma 1 are fulfilled and hence
there is a P(7) € Part(B) so that { P(a): @ < 7} is independent.’

Thus in both cases (p =2 or p>2~") we have a good independent family
% C Part(B) of size max(p, k). Let $= U,_ _, 9, and |F, |=|F|= max(p, x) and
(VP € 3))(| P|= v). By recursion using Lemma 5, every ¥, can be replaced by 9, of
size max(p, k)=" such that ¥ = U,_. _ 9. is independent and good. The size of F"
is kKS*=2""=p~*=A"=|B| (if p=2) or p*=A""=|B]| (if p>27), s0
|9’ |=|B| . Thus B is well semifree.

LEMMA 11. Let B be homogeneous in sat and d. Let sat(B) = k* . Then B is well
semifree.

PROOF. Let d(B) = A. Notice that | B|= X* (see proof of Lemma 10). Let p be the
least cardinal such that u* = X*. Thenif r < p,7* <Aand p = 2 or p > 2~.

One can easily obtain an independent countable family of partitions on B, each of
size k, denote it ¥,. If p > 2=", then as in the previous proof we can extend (by
recursion) %, by a family %, of size p such that (VP € %,)(| P|= 2). By Lemma 6
there is a family 9, C Part(B), | %, |=| %, |= p such that (VP € ¥))(| P |= w) and
%, U 9, is independent. By Lemma 7 there is a family %, C Part(B) of size | % |
such that (V P € J/)(| P|= k) and ¥/ is independent. Thus in every case we have a
good independent family % C Part(B) of size max(p, k). Hence ¥ = U,_. _, ¥, and
| 5|=|9,|= max(p, k), and (VP € F,)(| P|= v). Now, by recursion using Lemma
5, each &, can be replaced by a family % of size max(g, k)* such that " = U 5!

2<y<k Yy

is independent and hence good and of size max(u, k)" =| B| . So B is well semifree.
5. Main theorems.
THEOREM A. Let B be an infinite complete Boolean algebra. Then B is semifree.

PROOF. Let A be the set of all atoms of B. Let u = VA4, v = -u. Then B= Bt u
X Bt o.

If | B|=| Bt u|, we are done, since Bt u is atomic and by Lemma 9 there is a
good independent family in Bt u of full size, i.e. of size | B | . One can easily obtain a
good independent family of size | B | in B.

So assume that | B|>| Bt u|. Then | B|=| Bt v|. Denote B} v by C. Since C is
atomless, there is a P € Part(C) so that for every w € P, C w is homogeneous in

2 Using Lemmas 6 and 7 we obtain a good independent family of size p.
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sat and d. C =1, Ct w for C is complete. By Lemmas 10 and 11 every Ct w is
well semifree, hence semifree. By Lemma 8 C is semifree, since all independent
families in C} w’s generate an independent family in C of size [I,,c,| Ct w|=| C|
since C is complete. Thus B is semifree, too.

THEOREM B. Let B be an infinite complete Boolean algebra homogeneous in sat.
Then B is well semifree.

PROOF. Since B is homogeneous in sat, B is atomless. Thus there is a P € Part(B)
such that for each u € P, B u is homogeneous in d (and in sat, also). By Lemmas 10
and 11 all Bt u’s are well semifree. Let %, witness well-semifreeness of Bt u. By
Lemma 8 there is a good independent family % in B of size

I 19.1= 11 1Brul=|II Bru|=|B]
uepP uepP |uep
since B is complete. Hence B is well semifree.
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